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In an earlier work [S. Kastha et al., Phys. Rev. D 98, 124033 (2018)], we developed the parametrized
multipolar gravitational wave phasing formula to test general relativity, for the nonspinning compact
binaries in quasicircular orbit. In this paper, we extend the method and include the important effect of spins
in the inspiral dynamics. Furthermore, we consider parametric scaling of post-Newtonian (PN) coefficients
of the conserved energy for the compact binary, resulting in the parametrized phasing formula for
nonprecessing spinning compact binaries in quasicircular orbit. We also compute the projected accuracies
with which the second and third generation ground-based gravitational wave detector networks as well as
the planned space-based detector LISAwill be able to measure the multipole deformation parameters and
the binding energy parameters. Based on different source configurations, we find that a network of third-
generation detectors would have comparable ability to that of LISA in constraining the conservative and
dissipative dynamics of the compact binary systems. This parametrized multipolar waveform would be
extremely useful not only in deriving the first upper limits on any deviations of the multipole and the
binding energy coefficients from general relativity using the gravitational wave detections, but also for
science case studies of next generation gravitational wave detectors.
DOI: 10.1103/PhysRevD.100.044007
I. INTRODUCTION
Mergers of compact binaries are unique probes of the
predictions of general relativity (GR) in the strong-gravity
regime [1–5]. The gravitational wave (GW) detections
made so far [6–12] by advanced LIGO [13] and advanced
Virgo [14], have been used in various ways to test GR by
employing different methods [8,9,15–18] to find very good
agreement with the predictions of GR within the statistical
uncertainties. With several more of such events expected to
be detected in the future observing runs, developing
efficient methods to carry out such tests will play a central
role in extracting the best science from these observations.
Ongoing developments of the science case for third-
generation ground-based detectors such as Einstein
Telescope [19] and Cosmic Explorer [20], and space-based
LISA interferometer [21,22] further motivates developing
generic methods to test GR using GWs.
There are a wide variety of tests proposed in the literature
to assessGRusingGWobservations. These are often broadly
classified as model independent tests (or theory-agnostic
tests) and theory-dependent tests. Parametrized tests of GR
[23–30], Parametrized post-Einsteinian framework [26,31],
and inspiral-merger-ringdown consistency tests [32] are
examples of the first kind whereas and the model dependent
tests include tests aimed at looking for signatures of a specific
alternative theory (or a class of alternative theories) such as
those suggested in Refs. [33–36].
Recently, we proposed a new theory-agnostic test to
probe the multipolar structure of compact binaries in GR
[37]. The basic idea is to ask using GW observations how
well we can infer the multipole structure of the gravitational
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field of the compact binary and search for potential
deviations. In order to answer this question, we computed
a parametrized gravitational waveform model explicitly
keeping track of the contributions to the gravitational
waveform from different radiative-multipole moments of
the compact binary following the formalism developed in
Refs. [38–43]. This prescription is built on the post-
Newtonian (PN) approximation developed for compact
binary systems with nonspinning component masses in
quasicircular orbits. By introducing seven independent
parameters associated to the deviation of the seven radi-
ative-multipole moments from GR, we rederived the
GW flux. This parametrized multipolar waveform facili-
tates tests of GR in a model independent way with GW
observations [37]. We computed the projected accuracies
on the measurements of these multipole coefficients for
various ground-based and space-based detectors [37].
There is a strong astrophysical evidence that stellar mass
black hole (BH) binaries [44,45] as well as supermassive BH
binaries [46] may have highly spinning binary constituents.
The spins of the compact binary components affect thebinary
dynamics and give rise to a very different radiation profile as
compared to their nonspinning counterparts. Hence a physi-
cally realistic waveform model should account for the spin
dynamics of compact binaries. Within the PN formalism, the
gravitational waveform has been calculated considering the
point masses with arbitrary spins up to a very high accuracy
[47–73]. Hence, in this paper, we extend our parametrized
multipolar GWenergy flux as well as PN waveform model,
presented in Ref. [37], with spin-orbit and spin-spin con-
tributions from binary components. We assume that the
component spins are either aligned or antialigned with
respect to the orbital angular momentum of the binary which
is inspiraling in quasicircular orbit. Here, in addition to the
multipolar structure, we present the phasing formula which
also parametrizes the conservative dynamics of the binary.
This is achieved by introducing free parameters at each PN
order in the binding energy expressionwhich takevalue unity
in GR, by definition.
Having included the effects of spins in our parametrized
test of multipole structure, we use the Fisher information
matrix based parameter estimation scheme to compute
projected bounds on the various multipolar parameters.
Along with the complete study on the bounds of the
multipolar parameters, we also provide the bounds on
the parameters associated to conservative sector for the first
time in this paper. We consider GW observation through
networks of the various second and third generation
ground-based detectors as well the proposed space-based
LISA mission [22]. Inclusion of spin effects not only
increases the dimensionality of the parameter space but also
degrades the measurement accuracy of parameters. We find
that a network of third-generation ground-based detectors
and the space-based LISA mission would have comparable
sensitivity to detect potential deviations in the multipolar
structure of compact binaries.
This paper is organized as follows. In Sec. II we discuss
our computational scheme for the multipolar parametrized
gravitational wave energy flux. In Sec. III we explore the
modifications in the parametrized frequency domain
(TaylorF2) waveform due to the various contributions from
spins. Thereafter, in Sec. IVwe briefly describe the parameter
estimation techniques we use in this paper. Section V
provides a detailed description about thevariousGWdetector
configurations used for our analysis. In Sec.VIwediscuss the
bounds on the multipole coefficients for various GW detec-
tors and Sec. VII presents our concluding remarks.
II. PARAMETRIZED GRAVITATIONAL
WAVE ENERGY FLUX
During the inspiral phase of the compact binary dynam-
ics, the radiation reaction time scale is much longer than the
timescale for orbital motion. Due to this separation of
timescales, two vital ingredients for computing the phase
evolution are the conserved orbital energy of the binary and
the gravitational wave energy flux from the system. While
the former characterizes the conservative dynamics of the
binary, the latter describes the dissipative dynamics.
The computation of the multipolar parametrized flux
formula makes use of the entire machinery of the multipolar
post-Minkowskian and post-Newtonian formalism devel-
oped over past several years [39,42,43,52,74–78] (see [79]
for a review.) Following Ref. [37], we use the GW energy
flux parametrized in terms of the various radiative multipole
moments of compact binary while including contributions
from the spins of the binary components in quasicircular
orbits. More explicitly, to capture the generic deviations
fromGR, parametric deviations are introduced at the level of
mass-type (UL) and current-type (VL) radiative multipole
moments through simple scaling relationships of the kind
UL → μlUGRL ; ð2:1Þ
VL → ϵlVGRL ; ð2:2Þ
where μl ¼ 1þ δUL=UGRL and ϵl ¼ 1þ δVL=VGRL take the
value unity in GR. The conservative dynamics of the binary
also gets imprinted on the GW phasing formula via the PN
expression for conserved energy. If the underlying theory of
gravity is not GR, the corresponding PN coefficients could
be different. In our framework, these are parametrized by a
set of parameters fαkg which are all unity in GR.
A modifed theory of gravity could predict one or more of
these multipole moments to be different from that of GR. It
may also predict the conserved energy of the binary to be
different from GR. In our formalism the set of parameters
fμl; ϵl; αkg parametrize all such differences. Hence a
measurement of these coefficients would give us a direct
handle on possible deviations of the multipole moments
and/or conservative dynamics from the GR predictions.
Indeed, it is possible that these coefficients may be
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functions of the binary parameters (masses, spins etc.) in a
modified theory. However, since we have no prior knowl-
edge about the “true” underlying theory of gravity, any
method to look for its signatures has to be theory-agnostic
which motivates our parametrization. (A more generic
parametrization may involve introducing free parameters
at every PN order of all the multipole moments. Obviously,
given the large number of free parameters, this would result
in bounds which are uninformative.)
In this paper we focus on the contributions to the flux
from spin angular momentum of the binary components
and hence quote only the spin-dependent part of the
parametrized GW energy flux which may be added to
the nonspinning results of [37] to get the complete phasing.
Among the few different approaches to consider the PN
spin corrections to the conservative dynamics as well as
gravitational radiation from a compact binary system, we
adopt the PN iteration scheme in harmonic coordinates [58]
to obtain spin contributions to the radiative moments in GR
which we further rescale as described in Eqs. (2.1)–(2.2).
We closely follow the prescription given in
Refs. [52,54,56–58] to account for the contributions to
the conservative and dissipative sectors of the compact
binary dynamics from the individual spins. In our notation,
the individual spins of the component masses, m1 and m2
are S1 and S2 with quadrupolar polarizabilities κ1 and κ2,
respectively, which are unity for Kerr black holes. We
denote the total mass for the system to be m ¼ m1 þm2,
relative mass difference, δ ¼ ðm1 −m2Þ=m and the sym-
metric mass ratio, ν ¼ m1m2=m2. Furthermore following
the usual notation, we present our results in terms of the
symmetric combination of the quadrupolar polarizabilities,
κþ ¼ κ1 þ κ2 and the antisymmetric combination,
κ− ¼ κ1 − κ2. Our results are expressed in the center of
mass frame where the spin variables S and Σ have the
following relations with the spins of each of the constituent
masses of the binary,
S ¼ S1 þ S2; ð2:3Þ
Σ ¼ m

S2
m2
−
S1
m1

; ð2:4Þ
and SL ¼ S · Lˆ and ΣL ¼ Σ · Lˆ are the projections along
the direction (with Lˆ ¼ L=jLj) of orbital angular momen-
tum (L).
Depending on the order of spin corrections, the GW flux
schematically has the following structure,
F ¼ FNS þ F SO þ F SS þ F SSS þ    ; ð2:5Þ
where FNS is the nonspinning contribution computed in
Eq. (2.8) ofRef. [37],F SO is the spin-orbit (SO) contribution
which linearly depends on the spins, andF SS is quadratic in
spins arising due to the spin-spin (SS) interactions. Similarly
F SSS denotes the cubic-in-spin effects on the GW energy
flux. Here we report the parametrized multipolar flux
accounting for spin-orbit effects up to 3.5PN order and
quandratic-in-spin contributions up to 3PN order. We do not
provide the cubic spin and the partial quadratic-in-spin
contribution at 3.5PNorder. The nonspinning flux computed
in Ref. [37] should be added to these to obtain the total flux.
We provide explicit expressions for the spin-orbit and
quadratic-in-spin contributions to multipolar parametrized
GW fluxes in the following subsections.
A. Spin-orbit contribution
Considering the leading order spin corrections to the
multipole moments as well as in the equation of motion
(EOM) and following the same technique as prescribed in
Refs. [52,54,56], we recompute the parametrized SO part of
the energy flux, which is given as
F SO ¼
32
5
c5
G
ν2μ22x
5

x3=2
Gm2

−4SLþδΣL

−
4
3
þ ϵˆ
2
2
12

þ x
5=2
Gm2

SL

316
63
−
514
63
ν− μˆ23

598
63
−
2392
63
ν

− ϵˆ22

43
126
−
86
63
ν

þ ϵˆ23

20
63
−
20
21
ν

þδΣL

208
63
−
10
9
ν− μˆ23

1025
252
−
1025
84
ν

− ϵˆ22

367
1008
−
11
18
ν

þ ϵˆ23

20
63
−
20
21
ν

þ πx
3
Gm2

−16SLþδΣL

−
16
3
þ ϵˆ
2
2
6

þ x
7=2
Gm2

SL

58468
1323
þ154424
1323
νþ3494
1323
ν2þ μˆ23

120121ν2
1134
−
345665ν
1512
þ65491
1296

þ μˆ24

−
272392ν2
1323
þ544784ν
3969
−
272392
11907

þ ϵˆ22

−
1534ν2
3969
−
1165ν
2646
þ 2131
15876

þ ϵˆ23

−
7300ν2
567
þ7150ν
567
−
1556
567

þ ϵˆ24

5741ν2
882
−
5741ν
1176
þ5741
7056

þδΣL

28423ν2
3969
þ366697ν
7938
þ49844
3969
þ μˆ23

319661ν2
18144
−
811795ν
9072
þ253385
9072

þ μˆ24

−
3184ν2
49
þ7960ν
147
−
1592
147

þ ϵˆ22

−
41471ν2
127008
−
37585ν
31752
þ14383
63504

þ ϵˆ23

−
490ν2
81
þ5140ν
567
−
188
81

þ ϵˆ24

5741
7056
−
28705
7056
νþ5741
1176
ν2

: ð2:6Þ
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Spin-orbit corrections to the flux first appear at 1.5PN
order due to spin-dependent terms in mass quadrupole
moments at 1.5PN order and current quadrupole
moment at 0.5PN order. Hence the leading order SO
corrections bring in the μ2 and ϵ2 in the parametrized
GW flux at 1.5PN. As clearly stated in Ref. [52], at
2.5PN order the SO contributions come from mass- and
current-type quadrupole and octupole moments, which
is evident from Eq. (2.6) since only μ2, μ3, ϵ2, and ϵ3 are
present up to 2.5PN order. At 3PN order, the spin
dependences come from the 1.5PN tail integral per-
formed on mass quadrupole moment and the 2.5PN tail
integral performed on current quadrupole moment [54].
Hence at 3PN order only μ2 and ϵ2 are present. As
we go to higher order we find that at 3.5PN order, μ4
and ϵ4 are also present along with the lower order
coefficients. As a check on the calculation, in the
limit μ2 ¼ μ3 ¼ μ4 ¼ μ5 ¼ ϵ2 ¼ ϵ3 ¼ ϵ4 ¼ 1, Eq. (2.6)
reduces to Eq. (4) of Ref. [52].
B. Spin-spin contribution
Quadratic-in-spin corrections first appear at 2PN order to
the GW flux and the waveform (see Refs. [47,49,51,66,80]
for details), whereas SS terms at 3PN are first calculated
in Ref. [57].
Along with the terms quadratic-in-spin in the EOM, the
complete SS contributions to the flux are generated from the
four leading multipole moments, Iij; Iijk; Jij, and Jijk.
Hence F SS is completely parametrized by μ2, μ3, ϵ2, and
ϵ3 [see Eq. (2.7)].We have alsowritten the SS contribution at
3.5PN order arising from the two leading order tail integrals
performed on mass and current quadrupole moments.
However, at 3.5PN order SS contributions are partial.
Hence these contributions will be neglected for the wave-
form computations.
F SS ¼
32
5
c5
G
ν2μ22x
5
1
G2m4

x2

S2L½4þ2κþþSLΣL½2κþδþ4δ−2κ−þΣ2L

ϵˆ22
16
þ κþ−δκ− − ð4þ2κþÞν

þx3

S2L

−
1198
63
−
46κþ
7
þ55δκ−
21
þ μˆ23

1367
168
þ1367κþ
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−
δκ−
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
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
1
6
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12
−
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18

þ20
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7
þ41κþ
7
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42
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2
3
þ κþ
3
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þSLΣL
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193δκþ
21
−
1436δ
63
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21
þ μˆ23

293δκþ
72
þ1367δ
168
−
293κ−
72

þ ϵˆ22

5δκþ
36
−
143δ
252
−
5κ−
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
þ40
63
δϵˆ23þν

41δκþ
7
þ82δ
7
−
49κ−
3
þ μˆ23

293κ−
18
−
1367δ
42
−
1367κþδ
84

− ϵˆ22

δκþ
3
þ2δ
3
−
5κ−
9

þΣ2L

−
26
9
−
193κþ
42
þ193δκ−
42
þ μˆ23

293κþ
144
−
293δκ−
144

− ϵˆ22

31
56
−
5κþ
72
þ5δκ−
72

þ20
63
ϵˆ23þν

1562
63
þ619κþ
42
−
233δκ−
42
− μˆ23

1367
168
þ12305κþ
1008
−
8203δκ−
1008

þ ϵˆ22

167
168
−
13κþ
36
þ2δκ−
9

−
80
63
ϵˆ23

þν2

−
41κþ
7
−
82
7
þ μˆ23

1367
42
þ1367κþ
84

þ ϵˆ22

2
3
þ κþ
3

þπx7=2

S2L½16þ8κþþSLΣL½8κþδþ16δ−8κ−þΣ2L

ϵˆ22
8
þ4κþ−4δκ− − ð16þ8κþÞν

: ð2:7Þ
As an algebraic check, in the limit, μ2 ¼ μ3 ¼ μ4 ¼
μ5 ¼ ϵ2 ¼ ϵ3 ¼ ϵ4 ¼ 1 for Eq. (2.7), we confirm
the recovery of the accurate expression for SS
contribution to GW flux in GR reported in Eq. (4.14)
of Ref. [57].
III. PARAMETRIZED MULTIPOLAR
GRAVITATIONAL WAVE PHASING
The GW phase and its frequency evolution are obtained
by using the energy conservation law which essentially
balances the rate of change of conserved orbital energy E
and the emitted GW flux,
F ¼ − d
dt
E: ð3:1Þ
Hence an accurate model for conserved orbital energy is
needed to obtain the GW phasing formula.
In GR, for a nonspinning compact binary inspiraling in
quasicircular orbit, the expression for the conserved energy
per unit mass is given in Refs. [78,81–86], whereas the SO
corrections up to 3.5PN order and the SS corrections up to
3PN order are quoted in Refs. [52,54,56,57].
In alternative theories of gravity, along with the defor-
mations at the level of multipole moments, we expect the
conserved orbital energy to be deformed as well. In order to
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incorporate theses effects, we introduce free parameters αk,
characterizing the deviations at different PN orders in the
expression of conserved energy defined in GR for compact
binaries in aligned (or antialigned)-spin configuration.
For spin corrections to conservative dynamics we consider
SO contributions upto 3.5PN order and SS contributions at
3PN order to the energy. The 3.5PN closed-form expression
for the parametrized conserved energy reads as
EðvÞ ¼ − 1
2
να0v2

1 −

3
4
þ 1
12
ν

αˆ2v2 þ

14
3
SL þ 2δΣL

αˆ3
Gm2
v3
−

27
8
−
19
8
νþ 1
24
ν2 þ S
2
L
G2m4
ðκþ þ 2Þ þ
SLΣL
G2m4
ðδκþ þ 2δ − κ−Þ þ
Σ2L
G2m4

1
2
κþ −
δ
2
κ− − ν½κþ þ 2

αˆ4v4
þ

11 −
61
9
ν

SL þ

3 −
10
3
ν

δΣL

αˆ5
Gm2
v5
−

675
64
−

34445
576
−
205
96
π2

νþ 155
96
ν2 þ 35
5184
ν3 þ S
2
L
G2m4

5
3
δκ− þ
25
6
κþ −
50
9

− ν

5
6
κþ þ
5
3

þ SLΣL
G2m4

5
2
δκþ −
25
3
δ −
5
2
κ−

− ν

5
6
δκþ þ
5
3
δþ 35
6
κ−

þ Σ
2
L
G2m4

5
4
κþ −
5
4
δκ− − 5

− ν

5
4
κþ þ
5
4
δκ− − 10

þ ν2

5
6
κþ þ
5
3

αˆ6v6
þ

135
4
−
367
4
νþ 29
12
ν2

SL þ

27
4
− 39νþ 5
4
ν2

δΣL

αˆ7
Gm2
v7

; ð3:2Þ
with αˆi ¼ αi=α0. To obtain the gravitational waveform in
frequency domain under the stationary phase approxima-
tion [87], we use the standard prescription outlined in
Refs. [88,89]. The important difference here is that we use
the parametrized expressions for the GW flux and con-
served energy given by Eq. (2.5) and (3.2) respectively.
Further we consider the amplitude to be at the leading
quadrupolar order. The standard restricted PN waveform in
frequency domain, thus, reads as
h˜SðfÞ ¼ Aμ2f−7=6eiψSðfÞ; ð3:3Þ
withA¼M5=6c =
ﬃﬃﬃﬃﬃ
30
p
π2=3DL;Mc¼ðm1m2Þ3=5=ðm1þm2Þ1=5
and DL are the chirp mass and luminosity distance. In the
case of LISA, to account for its triangular geometry,
we multiply the gravitational waveform by a factor ofﬃﬃﬃ
3
p
=2 while calculating the Fisher matrix for LISA
[90]. The parametrized multipolar phasing, ψSðfÞ, has the
same structure as that of the energy flux [see Eq. (2.5)].
Schematically the parametrized phasing formula can be
written as,
ψSðfÞ ¼ 2πftc − ϕc −
π
4
þ 3α0
128νv5μ22
½ψNSðfÞ þ ψSOðfÞ þ ψSSðfÞ; ð3:4Þ
where the parametrized nonspinning part,ψNSðfÞ is given by
Eq. (A.2) in Ref. [37]. Here we show only the SO and SS
parts: ψSOðfÞ and ψSSðfÞ. As mentioned earlier, we do not
account for the partial contribution due to the spin-spin
interactions to the phasing formula at the 3.5PN order.
To evaluate the parametrized TaylorF2 phasing for
aligned spin binaries, we use the conventional notations
for the spin variables ðχ 1; χ 2Þ, with the following redefi-
nitions,
χ 1 ¼ Gm21S1; ð3:5Þ
χ 2 ¼ Gm22S2: ð3:6Þ
Furthermore, we use χs ¼ ðχ1 þ χ2Þ=2 and χa ¼
ðχ1 − χ2Þ=2 to present the phasing formula, where χ1
and χ2 are the projections of χ 1 and χ 2 along the orbital
angular momentum, respectively. These spin variables have
the following relations,
SL ¼ Gm2½δχa þ ð1 − 2νÞχs; ð3:7Þ
ΣL ¼ −Gm2½δχs þ χa: ð3:8Þ
Finally we write down the expressions for ψSO and ψSS,
the main results of this paper, below
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ψSO ¼ v3

32
3
þ 80
3
αˆ3 þ
1
3
ϵˆ22 −

32
3
þ 40
3
αˆ3 þ
4
3
ϵˆ22

ν

χs þ

32
3
þ 80
3
αˆ3 þ
1
3
ϵˆ22

δχa

þ v5ð1þ 3 log½v=vLSOÞ

−
64160
567
þ 93920
567
ν−
1760
189
ν2 þ αˆ2

160
9
−
1280
81
ν−
160
81
ν2

þ αˆ3

−
85600
567
þ 12400
81
ν−
22000
567
ν2

þ αˆ5

−
1120
9
þ 16940
81
ν−
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81
ν2

þ

13670
1701
−
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1701
νþ 13640
1701
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
68350
1701
−
34175
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νþ 136700
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ν2

μˆ23 þ

6835
6804
−
13670
1701
νþ 27340
1701
ν2

μˆ23ϵˆ
2
2
þ

−
1465
486
þ 23230
1701
ν−
10880
1701
ν2 þ αˆ2

5
9
−
175
81
ν−
20
81
ν2

þ αˆ3

200
243
−
100
27
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243
ν2

ϵˆ22
þ

5
243
−
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243
νþ 80
243
ν2

ϵˆ42 þ

1600
567
ν−
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ν2

ϵˆ23

χs þ

−
64160
567
þ 17440
567
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As a consistency check, we confirm the recovery of the
corresponding GR expression for the TaylorF2 phasing for
aligned spin binaries (see Refs. [53,91,92]) in the limit,
μ2 ¼ μ3 ¼ μ4 ¼ μ5 ¼ ϵ2 ¼ ϵ3 ¼ ϵ4 ¼ α0 ¼ α2 ¼ α3 ¼ α4 ¼
α5 ¼ α6 ¼ α7 ¼ 1. We also update Table I of Ref. [37]
to explicitly show the appearances of the parameters μl
and ϵl at various PN order of the phasing formula (see
Table I).
One of the salient features of the parametrized multipolar
spinning phasing derived here is the presence of ϵ2 at 1.5PN
order and ϵ3 at 2.5PN order (logarithmic) due to the
spin-orbit interactions and hence not present in the
nonspinning phasing. Though at 2PN and 3PN order,
due to the spin-spin interactions, there are no additional
multipole moments compared to the nonspinning sys-
tems, these are the orders at which κþ;− appear. This has
an interesting interpretation as κþ;− can be thought of as
parametrizing potential deviations from BH nature
[93,94] as binaries comprising of non-BHs will have
κþ;− to be different from 2 and 0, respectively, which are
the unique values corresponding to binary black holes.
The cross-terms of the multipole coefficients with κþ;−
showcase the degeneracy between binary black holes in
alternative theories and non-BHs in GR. As one can see
from Eq. (3.10), μ2, μ3, and ϵ2 are the multipole
coefficients which are sensitive to the non-BH nature
(vis-a-vis the above mentioned parametrization). As can
be seen from the phasing formula, these imprints will be
higher order corrections to the multipole coefficients and
may not influence their estimates unless the values of
κþ;− are sufficiently high.
IV. PARAMETER ESTIMATION SCHEME
In this section, we briefly describe the semianalytical
Fisher information matrix based parameter estimation
scheme [95–98] used in our analysis. We also discuss
the leading order bounds on the systematics of the
estimated parameters due to the difference between the
spinning and nonspinning waveforms in the Appendix
for LISA.
For ⃗θ being the set of parameters defining the GW signal
h˜ðf; ⃗θÞ, the Fisher information matrix is defined as
Γmn ¼
	∂h˜ðf; ⃗θÞ
∂θm ;
∂h˜ðf; ⃗θÞ
∂θn


; ð4:1Þ
where h…;…i is the inner product weighted by the detector
noise. To be precise,
ha; bi ¼ 2
Z
fhigh
flow
aðfÞbðfÞ þ aðfÞbðfÞ
ShðfÞ
df: ð4:2Þ
TABLE I. Update of the summary given in Table I of Ref. [37]
for the multipolar structure of the PN phasing formula. Con-
tribution of various multipoles to different phasing coefficients
and their frequency dependences are tabulated. The additional
multipole coefficients appearing due to spin are underlined.
Following the definitions introduced in Ref. [37], μl refer to
mass-type multipole moments and ϵl refer to current-type multi-
pole moments.
PN order Frequency dependences Multipole coefficients
0 PN f−5=3 μ2
1 PN f−1 μ2, μ3, ϵ2
1.5 PN f−2=3 μ2, ϵ2
2 PN f−1=3 μ2, μ3, μ4, ϵ2, ϵ3
2.5 PN log log f μ2, μ3, ϵ2, ϵ3
3 PN f1=3 μ2, μ3, μ4, μ5, ϵ2, ϵ3, ϵ4
3 PN log f1=3 log f μ2
3.5 PN f2=3 μ2, μ3, μ4, ϵ2, ϵ3, ϵ4
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Here “” denotes the complex conjugation and ShðfÞ is the
one-sided noise power spectral density (PSD) of the
detector while flow and fhigh denote the lower and upper
limits of the integration. Though flow arises from the
detector sensitivity, fhigh is defined by the frequency at
the last stable orbit of the binary beyond which the PN
approximation would break down. In the large signal-to-
noise ratio (SNR) limit, the distribution of the inferred
parameters follow a Gaussian distribution around their
respective true values for which the variance-covariance
matrix of the errors on the parameters is simply the inverse
of the Fisher matrix,
Cmn ¼ ðΓ−1Þmn;
and the 1σ statistical error is, Δstatθm ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Cmm
p
.
Fisher information matrix method, by default, assumes
a flat prior distribution in the range ½−∞;∞ on all the
parameters to be estimated [97,99]. In contrast, in the
large SNR limit, a Gaussian prior can also be imple-
mented on the desired parameter as described in
Ref. [97]. For our purpose, we employ a Gaussian prior
on ϕc centered around ϕc ¼ 0 with a variance of about
π2. This choice is somewhat adhoc but ensures that the
width of the Gaussian is not too small to significantly
influence the result but helps us deal with the ill-
conditionedness of the Fisher matrix. This also restricts
the prior range to exceed to the unphysical domain
beyond π. Hence our modified Fisher matrix has the
following form,
Γ0 ¼ Γþ Γð0Þ; ð4:3Þ
where Γð0Þ is a diagonal matrix with only one nonzero
element corresponding to Γð0Þϕcϕc component. We use this
modified Fisher matrix (Γ0) for the estimation of 1σ
statistical errors which also can be interpreted as the 1σ
upper bounds on any deviation of these coefficients from
GR value.
We estimate the statistical errors on various multipole
coefficients while considering an eight dimensional param-
eter space, ftc;ϕc;logA;logMc;logν;χs;χa;μlorϵlorαmg
to specify the true GW signal.
V. DETECTOR CONFIGURATIONS
We describe here the various detector configurations we
considered in the present study.
A. Ground-based second generation detector network
As a representative case, we consider a worldwide
network of five second-generation ground based detectors:
LIGO-Hanford, LIGO-Livingston, Virgo, KAGRA [100],
and LIGO-India [101]. We assume the noise PSD for
LIGO-Hanford, LIGO-Livingstone and LIGO-India to be
the analytical fit given in Ref. [102] whereas the following
fit is used for Virgo PSD,
Svirgoh ðfÞ ¼ 1.5344 × 10−47

1þ 1871 ×

16
f

10
þ 11.72 ×

30
f

6
þ 0.7431 ×

50
f

2
þ 0.9404 ×

70
f

þ 0.2107 ×

100
f

0.5
þ 26.02

f
500

2

Hz−1; ð5:1Þ
where f is in units of Hz. We consider the lower cut off
frequency flow ¼ 10 Hz for these detectors. For the
Japanese detector KAGRA we use the noise PSD given
in Ref. [103] with flow ¼ 1 Hz. For all the detectors, fhigh is
taken to be the frequency at the last stable orbit,
fLSO ¼ 1=ðπm63=2Þ. As opposed to the single detector
Fisher matrix analysis, for a network of detectors, the
Fisher matrix is evaluated for each detector and then added
to obtain the network-Fisher-matrix. To estimate the
individual Fisher matrices we use a waveform that is
weighted with the correct antenna pattern functions
Fþ=×ðθ;ϕ;ψÞ of the detectors, where θ;ϕ, and ψ are the
declination, the right ascension and the polarization angle
of the source in the sky. More precisely we use the
following waveform
h˜ðfÞ ¼ 1þ cos
2ι
2
Fþðθ;ϕ;ψÞh˜þðfÞ
þ cos ιF×ðθ;ϕ;ψÞh˜×ðfÞ ð5:2Þ
with
h˜þðfÞ ¼ Aμ2f−7=6e−iΨs ; ð5:3Þ
h˜×ðfÞ ¼ −ih˜þðfÞ: ð5:4Þ
The individualFþ=×ðθ;ϕ;ψÞ for each detector are estimated
incorporating their location on Earth and Earth’s rotation as
given in Ref. [104]. We calculate the Fisher matrix for each
detector considering an eight dimensional parameter
space, ftc;ϕc; logA; logMc; log ν; χs; χa; μl or ϵl or αmg
specifying the GW signal. Here we fix the four angles,
θ;ϕ;ψ ; ι to be π=6; π=3; π=6, π=5 respectively and do not
treat them as parameters in the Fisher matrix estimation.
These four angles, being the extrinsic parameters, have
small correlation with the intrinsic ones especially with the
multipole or the energy coefficients, and hence have
negligible effect on their measurement.
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B. Ground-based third generation
detector network
As a representative case for the third generation ground-
based detector network, we consider three detectors: one
Cosmic Explorer-wide band (CE-wb) [105] in Australia,
one CE-wb in Utah-USA, and one Einstein Telescope-D
(ET-D) [106] in Europe. We use the noise PSD given in
Ref. [106] for ET-D and the analytical fit given in
Ref. [37] for the CE-wb. We assume flow to be 1 and
5 Hz for the ET-D and CE-wb, respectively. To evaluate
the Fisher matrix for this network configuration we
use the same waveform as given in Eq. (5.2) except for
the estimation of Fisher matrix in case of ET-D, we
multiply the waveform by sinðπ=3Þ because of its tri-
angular shape. We follow the same scheme as described in
Sec. VA to estimate the 1σ bounds on μ2, μ3, μ4, ϵ2 and α0,
α2, α3, α4.
C. Space-based LISA detector
For the space-based detector, LISA, we use analytical fit
given in [107] and choose flow in such a way that the signal
stays in the detector band for one year or less depending on
the frequency at the last stable orbit. More specifically, we
assume flow to be [90,108]
flow ¼ max

10−5; 4.149 × 10−5

Mc
106 M⊙

−5=8
×

Tobs
1 yr

−3=8

; ð5:5Þ
where Tobs is the observation time which we consider to be
one year. We assume the upper cutoff frequency, fhigh, to be
the minimum of ½0.1; fLSO. The waveform we employ for
LISA is given in Eq. (3.3) except we multiply it by an
additional factor of
ﬃﬃﬃ
3
p
=2 in order to account for the
triangular shape of the detector. We do not account for the
orbital motion of LISA in our calculations and consider
LISA to be a single detector.
We next discuss the Fisher matrix projections for the
various deformation coefficients parametrizing the
conservative and dissipative sectors in the context of
advanced ground-based and space-based gravitational
wave detectors.
VI. RESULTS
Our results for the ground-based detectors are depicted
in Figs. 1 (second generation) and 2 (third generation)
and those for the space-based LISA detector are presented
in Figs. 3–7. For the second and third generation
ground-based detectors configurations, we choose the
binary systems with two different mass ratios q ¼ 1.2, 5
for two sets of spin configurations: high spin case
(χ1 ¼ 0.9, χ2 ¼ 0.8) and low spin case (χ1 ¼ 0.3,
χ2 ¼ 0.2). We also assume the luminosity distance to all
these prototypical sources to be 100 Mpc. We consider
these sources are detected with a network of second or third
generation detectors as detailed in the last section. For
LISA, we consider our prototypical supermassive BHs to
be at the luminosity distance of 3 Gpc with three different
mass ratios of q ¼ 1.2, 5, 10. For these mass ratios, we
FIG. 1. Projected 1σ errors on the multipole and the energy coefficients as a function of total mass for two different mass ratios
q ¼ m1=m2 ¼ 1.2, 5 and two spin configurations, χ1 ¼ 0.9, χ2 ¼ 0.8 and χ1 ¼ 0.3, χ2 ¼ 0.2 for the second generation detector
network. All the sources are at a fixed luminosity distance of 100 Mpc with the angular position and orientations to be
θ ¼ π=6;ϕ ¼ π=3;ψ ¼ π=6; ι ¼ π=5. To obtain the numerical estimates showed in this plot, we also consider a prior distribution
on ϕc. To be precise, we assume the prior on ϕc for each detector in the network to follow a Gaussian distribution with a zero mean and a
variance of 1=π2.
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investigate both high spin (χ1 ¼ 0.9, χ2 ¼ 0.8) and low
spin (χ1 ¼ 0.3, χ2 ¼ 0.2) scenarios.
First we discuss the qualitative features in the plots. As
expected, the third generation detector network which has
better band width and sensitivity does better than the
second generation detectors whereas LISA and third
generation detectors perform comparably, though for
totally different source configurations. The bounds on
the multipole coefficients describing the dissipative dynam-
ics broadly follows the trends seen in the nonspinning study
carried out in Ref. [37]. The mass-type multipole moments
are measured better than the current-type ones appearing at
FIG. 2. Projected 1σ errors on the multipole and the energy coefficients as a function of total mass for two different mass ratios
q ¼ m1=m2 ¼ 1.2, 5 and two spin configurations, χ1 ¼ 0.9, χ2 ¼ 0.8 and χ1 ¼ 0.3, χ2 ¼ 0.2 for the third generation detector network.
All the sources are at a fixed luminosity distance of 100 Mpc with the angular position and orientations to be
θ ¼ π=5;ϕ ¼ π=6;ψ ¼ π=4; ι ¼ π=4. To obtain the numerical estimates showed in this plot, we also consider a prior distribution
on ϕc. To be precise, we assume the prior on ϕc for each detector in the network to follow a Gaussian distribution with a zero mean and a
variance of 1=π2.
FIG. 3. Projected 1σ errors on the multipole coefficients as a function of total mass for three different mass ratios q ¼ m1=m2 ¼ 1.2, 5,
and 10 in case of LISA noise PSD. We assume χ1 ¼ 0.9, χ2 ¼ 0.8. All the sources are considered to be at a fixed luminosity distance of
3 Gpc. To obtain the numerical estimates showed in this plot, we also consider a prior distribution on ϕc. To be precise, we assume ϕc to
follow a Gaussian distribution with a zero mean and a variance of 1=π2.
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FIG. 4. Projected 1σ errors on the multipole coefficients as a function of total mass for three different mass ratios q ¼ m1=m2 ¼ 1.2, 5,
and 10 in case of LISA noise PSD. We assume χ1 ¼ 0.3, χ2 ¼ 0.2. All the sources are considered to be at a fixed luminosity distance of
3 Gpc. To obtain the numerical estimates showed in this plot, we also consider a prior distribution on ϕc. To be precise, we assume ϕc to
follow a Gaussian distribution with a zero mean and a variance of 1=π2.
FIG. 5. Projected 1σ errors on the energy coefficients as a function of total mass for three different mass ratios q ¼ m1=m2 ¼ 1.2, 5,
and 10 in case of LISA noise PSD. We assume χ1 ¼ 0.9, χ2 ¼ 0.8. All the sources are considered to be at a fixed luminosity distance of
3 Gpc. To obtain the numerical estimates showed in this plot, we also consider a prior distribution on ϕc. To be precise, we assume the
prior on ϕc to follow a Gaussian distribution with a zero mean and a variance of 1=π2.
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the same PN order with μ2 (corresponding to the mass
quadrupole) yielding the best constraint as it is the
dominant multipole which contribute to the flux and the
phasing. Due to the interplay between the sensitivity and
mass dependent upper cutoff frequency, the errors increase
as a function of mass in the regions of the parameter space
we explore. The errors improve as the mass ratio increases
for all cases except μ2. As argued in Ref. [37], μ2 is the
only multipole parameter which appears both in the
amplitude and the phase of the waveform and hence
shows trends different from the other multipole coeffi-
cients. Inclusion of spins, on the whole, worsens the
estimation of the multipole coefficients compared to the
nonspinning case. This is expected as the spins increase
the dimensionality of the parameter space but does not
give rise to new features that helps the estimation. Effects
such as spin-induced precession, which bring in a new
time scale and associated modulations, may help counter
this degradation in the parameter estimation. But this will
be a topic for a future investigation. We also find that as a
function of the spin magnitudes, the parameter estimation
improves and hence highly spinning systems would yield
stronger constraints on these coefficients. The estimation
of various αk, parametrizing the conservative dynamics,
also broadly follow these trends. However, there is an
important exception. The bounds on α3 is consistently
worse than those of α4. This may be attributed to the
important difference between them that α3 parametrizes
the 1.5PN term in the conserved energy which has only
spin-dependent terms whereas the 2PN term contains both
nonspinning and spinning contributions. Hence though α4
is subleading in the PN counting, and hence the bounds
are better.
We now discuss the quantitative results from these
plots. One of the most interesting results is the projected
constraints on coefficients that parametrize conservative
dynamics. For third generation ground-based detectors,
and for the prototypical source specifications, the bounds
on 2PN conservative dynamics can be ∼10−2 which is
comparable to or even better than the corresponding
bounds expected from LISA. On the multipole coeffi-
cients side, the quadrupole coefficient μ2 may be con-
strained to ≤10−1ð10−2Þ for second (third) generation
detector network while the bounds from LISA are also
∼10−2. The best bounds for μ3 are ∼10−1; 10−2; 10−2 for
second generation, third generation and LISA, respec-
tively, corresponding to highly spinning binaries. The
projected bounds on the higher multipole coefficients
from third generation detector network and LISA are
comparable in all these cases, though one should keep in
FIG. 6. Projected 1σ errors on the energy coefficients as a function of total mass for three different mass ratios q ¼ m1=m2 ¼ 1.2, 5,
and 10 in case of LISA noise PSD. We have considered χ1 ¼ 0.3, χ2 ¼ 0.2. All the sources are considered to be at a fixed luminosity
distance of 3 Gpc. To obtain the numerical estimates showed in this plot, we also consider a prior distribution on ϕc. To be precise, we
assume the prior on ϕc to follow a Gaussian distribution with a zero mean and a variance of 1=π2.
SHILPA KASTHA et al. PHYS. REV. D 100, 044007 (2019)
044007-14
mind the specifications of the sources we consider for
these two cases are very different.
VII. CONCLUSION
We extend our previous work [37] by including spin
effects in the inspiral dynamics and provide a waveform
model, parametrized in terms of multipole and PN binding
energy coefficients, for nonprecessing compact binaries in
quasicircular orbit. The spin-orbit contributions are com-
puted up to 3.5PN order while the spin-spin contributions
are obtained up to 3PN order. We also provide the projected
1σ bounds on the multipole coefficients as well as the
PN deviation parameters in the conserved energy for the
second generation ground based detector network, the third
generation ground based detector network and the space-
based detector LISA, using the Fisher matrix approach. We
find that the four leading order multipole coefficients and
the four leading order PN conserved energy coefficients
are measured with reasonable accuracy using these GW
detectors.
We are currently in the process of implementing this
parametrized waveform model presented in this paper in
LALInference [109] to carry out tests of GR proposed here
on real GW data. As a follow up, it will be interesting to
compute the parametrized waveform within the effective-
one-body formalism and investigate the possible bounds on
these coefficients. Inclusion of higher modes of the
gravitational waveforms, which contain these multipole
coefficients in the amplitude of the waveform, will also be
an interesting follow up in the future.
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APPENDIX: SYSTEMATIC BIAS DUE TO
THE USE OF NONSPINNING
WAVEFORM MODEL FOR GW
DETECTIONS BY PLANNED
SPACE-BASED DETECTOR LISA
The use of inaccurate waveform model may lead to
systematic biases in the parameter estimation [110,111].
For a detector data stream, s, consisting of a true waveform
h˜Tðf; ⃗θTÞ and recovered with an approximate waveform
h˜APðf; ⃗θbest fitÞ, the systematic errors on various param-
eters can be obtained by minimizing h½h˜Tðf; ⃗θTÞ −
h˜APðf; ⃗θbest fitÞ; ½h˜Tðf; ⃗θTÞ − h˜APðf; ⃗θbest fitÞi [110]. Since
we are interested in quantifying the systematics due
to the difference between the spinning and non-
spinning waveforms, we adopt the minimization scheme
developed in Ref. [110]. The basic assumption behind
this scheme is to define a one parameter family of
waveform models ðh˜λðf; θÞÞ that interpolate between both
h˜Tðf; ⃗θTÞ≡ h˜λ¼1ðf; θÞ and h˜APðf; ⃗θÞ≡ h˜λ¼0ðf; θÞ. As it
turns out, after a set of approximations, the linearized
estimate for the systematic error is (see Eq. (29) in
Ref. [110])
Δsysθm ¼ ðΓ−1APÞmk
	
iAμ2f−7=6Δψeiψ

θ¼θbest fit
;
∂h˜APðf; ⃗θbest fitÞ
∂θk


; ðA1Þ
where ðΓAPÞmk is the Fisher matrix obtained from the
approximate waveform h˜APðf; ⃗θÞ and Δψ ¼ ψT − ψAP.
All the quantities are evaluated at the best fit values of
the parameters which coincide with the true values in the
large SNR limit.
To quantify the systematic bias, we consider a six
dimensional parameter space consists of ftc;ϕc; lnA;
lnMc; ln ν; μl or ϵlg to completely specify the approxi-
mate waveform h˜APðf; ⃗θbest fitÞ, for our purpose the para-
metrized nonspinning TaylorF2 waveform. We use the
same approximate waveform to estimate the six dimen-
sional Fisher matrix, ΓAP. On the other hand, we consider
the parametrized nonprecessing TaylorF2 waveform to be
our true waveform model.
In Fig. 8 we show the systematic biases on μ2 and μ3 for
binaries with three different total masses, M ¼ 105 M⊙,
106 M⊙, 107 M⊙ and mass ratio q ¼ 10 as a function of
individual spin parameter χ1 ¼ χ2 ¼ χ for LISA. Due to a
smaller total mass (M ¼ 105 M⊙) a large number of inspiral
cycles reside in the LISA band. Hence even with very small
spin values χ ∼Oð10−3Þ, the systematic errors become
larger than the statistical errors, which demands a para-
metrized spinning waveform model. In contrast, for larger
total masses of about 106 M⊙ or 107 M⊙, the systematics
affect the parameter estimation when the spin magnitude
is slightly larger ∼Oð10−1Þ, as expected. Hence it is very
crucial to incorporate the spin corrections in the waveform to
reduce the effects of systematics when extracting the
information about the multipole coefficients. We also find
that as the total mass of binary increases the slope of the
systematic bias curves changes from positive to negative
for μ2 and vice-versa for μ3. This could be due to the nature
of the correlation (positive or negative) between these
multipole coefficients and the binary parameters (such as
masses and spins) with increasing total mass. We quote the
leading order estimates for the systematic biases in case of
LISA only. Since the Fisher matrix-based leading order
FIG. 8. Numerical estimates of systematic biases on the two leading multipole coefficients μ2 and μ3 as a function of χ1 ¼ χ2 ¼ χ for
LISA noise PSD. We consider systems with three different total masses, m ¼ 105; 106; 107 M⊙ having mass ratio q ¼ 10. All the
sources are considered to be at a fixed luminosity distance of 3 Gpc.
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estimation of systematic biases for network configuration
demands reformulation of the prescription, we postpone
these for future study in a more rigorous and accurate
Bayesian framework.
We give the inputs needed to compute the phasing for
TaylorT2, TaylorT3 and TaylorT4 in a Mathematica file
(supl-Multipole-spin.m) which serves the Supplemental
Material [112] to this paper.
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